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Thick Separators

Luc Jaulin and Benoit Desrochers

Lab-STICC, ENSTA Bretagne, Brest, France,
luc.jaulin@gmail.com,benoit.desrochers@ensta-bretagne.org

Abstract. If an interval of R is an uncertain real number, a thick set
is an uncertain subset of Rn. More precisely, a thick set is an interval
of the powerset of Rn equipped with the inclusion ⊂ as an order rela-
tion. It can generally be defined by parameters or functions which are
not known exactly, but are known to belong to some intervals. In this
paper, we show how to use constraint propagation methods in order to
compute efficiently an inner and an outer approximations of a thick set.
The resulting inner/outer contraction are made using an operator which
is called a thick separator. Then, we show how thick separators can be
combined in order to compute with thick sets.

1 Thick sets

A thin set is a subset of Rn. It is qualified as thin because its boundary is thin.
In this section, we present the definition of thick sets.

Thick set. Denote by (P(Rn),⊂), the powerset of Rn equipped with the
inclusion⊂ as an order relation. A thick set !X" of Rn is an interval of (P(Rn),⊂).
If !X" is a thick set of Rn , there exist two subsets of Rn , called the subset bound
and the supset bound such that

!X" = !X⊂,X⊃" = {X ∈ P(Rn)|X⊂ ⊂ X ⊂ X⊃}. (1)

Another representation for the thickset !X" is the partition
!
Xin,X?,Xout

"
,

where
Xin = X⊂

X? = X⊃\X⊂

Xout = Z⊃.
(2)

The subset X? is called the penumbra and plays an important role in the char-
acterization of thick sets [3]. Thick sets can be used to represent uncertain sets
(such as an uncertain map [4]) or a soft constraints [1].

2 Thick separators

To characterize a thin set using a paver, we may use a separator (which is a pair of
two contractors [8]) inside a paver. Separators can be immediately generalized to
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thick sets. Now, the penumbra as a non-zero volume for thick sets. For efficiency
reasons, it is important to avoid any accumulation of the paving deep inside
the penumbra. This is the role of thick separators to avoid as much as possible
bisections inside the penumbra.

Thick separators. A thick separator !S" for the thick set !X" is an extension
of the concept of separator to thick sets. More precisely, a thick separator is a
3-uple of contractors

!
Sin,S?,Sout

"
such that, for all [x] ∈ IRn

Sin([x]) ∩ Xin = [x] ∩ Xin

S?([x]) ∩ X? = [x] ∩ X?

Sout([x]) ∩ Xout = [x] ∩ Xout
(3)

In what follow, we define an algebra for thick separator in a similar manner than
what as been done for contractors [2] or for separators [7].

3 Algebra

In this section, we show how we can define operations for thick sets (as a union,
intersection, difference, etc.). The main motivation is to be able to compute with
thick sets.

Intersection. Consider two thick sets !X" = !X⊂,X⊃" and !Y" = !Y⊂,Y⊃"
with thick separators !SX" =

!
Sin
X ,S?

X,Sout
X

"
and !SY" =

!
Sin
Y ,S?

Y,Sout
Y

"
. A

thick separator for the thick set

!Z" = !Z⊂,Z⊃" = !X" ∩ !Y" = !X⊂ ∩ Y⊂,X⊃ ∩ Y⊃" (4)

is

!SZ" =
!
Sin
Z ,S?

Z,Sout
Z

"

=
!
Sin
X ∩ Sin

Y ,
#
S?
X ∩ Sin

Y
$
$
#
S?
X ∩ S?

Y
$
$
#
Sin
X ∩ S?

Y
$
,Sout

X $ Sout
Y

"
.

(5)

Proof. We have

Zin = Z⊂ = X⊂ ∩ Y⊂

= Xin ∩ Yin

Z? = Z⊃\Z⊂ = X⊃ ∩ Y⊃\(X⊂ ∩ Y⊂)
= X⊃ ∩ Y⊃ ∩ X⊂ ∩ Y⊂

= X⊃ ∩ Y⊃ ∩
#
X⊂ ∪ Y⊂

$

=
#
Xin ∪ X?

$
∩
#
Yin ∪ Y?

$
∩
##
Xout ∪ X?

$
∪
#
Yout ∪ Y?

$$

=
#
X? ∩ Yin

$
∪
#
X? ∩ Y?

$
∪
#
Xin ∩ Y?

$

Zout = Z⊃ = X⊃ ∩ Y⊃

= X⊃ ∪ Y⊃

= Xout ∪ Yout.

From the separator algebra, we get that a contractor for Zin is Sin
Z = Sin

X ∩Sin
Y ,

a contractor for Zout is Sout
Z = Sout

X $ Sout
Y and a contractor for Z? is

S?
Z =

#
S?
X ∩ Sin

Y
$
$
#
S?
X ∩ S?

Y
$
$
#
Sin
X ∩ S?

Y
$
. (6)
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4 Using Karnaugh map

This expression could have been obtained using Figure 1.

Fig. 1. Intersection of two thick sets. Red means inside, Blue means outside and Orange
means uncertain

Karnaugh map, as illustrated by Figure 2, can also can be used to get the
expression for thick separators a more clear manner. For instance, if

!Z" = !X" ∪ !Y", (7)

we read from the Karnaugh map

Zin = Xin ∪ Yin

Z? =
#
X? ∩ Yout

$
∪
#
X? ∩ Y?

$
∪
#
Xout ∩ Y?

$

Zout = Xout ∩ Yout.
(8)

Therefore a thick separator for the thick set !Z" is

!SZ" =
!
Sin
Z ,S?

Z,Sout
Z

"

=
!
Sin
X $ Sin

Y ,
#
S?
X ∩ Sout

Y
$
$
#
S?
X ∩ S?

Y
$
$
#
Sout
X ∩ S?

Y
$
,Sout

X ∩ Sout
Y

" (9)

Now, if
!Z" = !X"\!Y" ∪ !Y"\!X", (10)

we read

Zin =
#
Xin ∩ Yout

$
∪
#
Xout ∩ Yin

$

Z? = X? ∪ Y?

Zout =
#
Xin ∩ Yin

$
∪ (Xout ∩ Yout) .

(11)

Therefore a thick separator for the thick set !Z" is

!SZ" =
!
Sin
Z ,S?

Z,Sout
Z

"

=
!
Sin
X $ Sin

Y ,
#
S?
X ∩ Sout

Y
$
$
#
S?
X ∩ S?

Y
$
$
#
Sout
X ∩ S?

Y
$
,Sout

X ∩ Sout
Y

"
.
(12)
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Note that when we build such an expression from a Karnaugh map, fake bound-
aries may appear. They could be avoided using the method proposed in [5].

Fig. 2. Karnaugh map

Example. Take one box [x] as in Figure 3. We get

!SX" ([x]) =
!
Sin
X ,S?

X,Sout
X

"
([x]) = {[a], [x], ∅} (13)

where [a] the white box. Moreover,

!SY" ([x]) =
!
Sin
Y ,S?

Y,Sout
Y

"
([x]) = {∅, [x], ∅} . (14)

Thus
!SZ" =

!
Sin
Z ,S?

Z,Sout
Z

"
([x])

= { Sin
X ∩ Sin

Y ([x]),
=

#
S?
X ∩ Sin

Y
$
$
#
S?
X ∩ S?

Y
$
$
#
Sin
X ∩ S?

Y
$
([x]),

= Sout
X $ Sout

Y ([x]) }
= { [a] ∩ ∅, ([x] ∩ ∅) $ ([x] ∩ [x]) $ ([a] ∩ [x]) , ∅ $ ∅ }
= {∅, [x], ∅}

We conclude that [x] ⊂ Zin.
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Fig. 3. Illustration of the intersection of two separators

5 Test case

Interval linear system [10] [11] are linear systems of equations the coefficients
of which are uncertain and belong to some intervals. Consider for instance the
following interval linear system [9]:

%
[2, 4] · x1 + [−2, 0] · x2 ∈ [−1, 1]
[−1, 1] · x1 + [2, 4] · x2 ∈ [0, 2]

(15)

For each constraint, a thick separator can be build and then combined using
Equation 5. A thick set inversion algorithm provides the paving Figure 4. The
solution set !X" = !X⊂,X⊃" has for supset bound the tolerable solution set
X⊃(red+orange) and for subset bound X⊂ the united solution set (red) [6]. Note
that inside the penumbra, no accumulation can be observed.
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When We Know the Number of Local Maxima,
Then We Can Compute All of Them

Olga Kosheleva, Martine Ceberio, and Vladik Kreinovich

University of Texas at El Paso, El Paso, TX 79968, USA
olgak@utep.edu, mceberio@utep.edu, vladik@utep.edu

Abstract. In many practical situations, we need to compute local max-
ima. In general, it is not algorithmically possible, given a computable
function, to compute the locations of all its local maxima. We show,
however, that if we know the number of local maxima, then such an
algorithm is already possible. Interestingly, for global maxima, the sit-
uation is different: even if we only know the number of locations where
the global maximum is attained, then, in general, it is not algorithmically
possible to find all these locations. A similar impossibility result holds
for local maxima if instead of knowing their exact number, we only know
two possible numbers.

1 Locating Local Maxima: an Important Practical
Problem

Need for computing local maxima. In many practical situations, we are
interested in locating all local optima; see, e.g., [3]. For example:

• in spectral analysis, chemical species are identified by local maxima of the
spectrum;

• in radioastronomy, radiosources and their components are identified as local
maxima of the brightness distribution; see, e.g., [4];

• elementary particles are identified by locating local maxima of the depen-
dence of scattering intensity on the energy.

In general, no algorithm is possible for computing all local maxima. In
general, no algorithm is possible for computing all local maxima of a computable
function f(x); this follows, e.g., from our negative result formulated below.

Natural question and what we do in this paper. Since we cannot always
compute all local maxima, a natural question is: when can we compute them?
In this paper, we prove that such a computation is algorithmically possible in
situations when we know the number of local maxima – and not possible if we
only know two possible candidates for this number.
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2 What Is Computable: Reminder

Need for a reminder. To formulate our results, we need to recall the main
definitions of what is computable: what is a computable number, what is a
computable set, and what is a computable function; see, e.g., [1, 2, 5] for more
details.

What is a computable number: intuitive idea. In a computer, we can
only represent rational numbers – namely, binary-rational ones. Thus, it is rea-
sonable to say that a real number is computable if it can be algorithmically
approximated, with any given accuracy, by rational numbers.

What is a computable number: a precise definition. A real number x
is called computable if there is an algorithm that, given a natural number n,
produces a rational number rn which is 2−n-close to x.

What is a computable set: intuitive idea. In a computer, we can only store
finitely many objects – i.e., a finite set, with computable distances. It is there-
fore reasonable to define a computable set as a set that can be algorithmically
approximated, with any given accuracy, by finite sets – approximated in the
sense that every element of our set is 2−n-close to one of the elements from the
approximating finite set.

Since a computer has a linear memory, it is convenient to place all the ele-
ments of these finite sets – which approximate our set with higher and higher
accuracy – into a single infinite sequence x1, x2, . . . Elements from this sequence
approximate any element from the given set. Thus, this sequence must be ev-
erywhere dense in this set.

In practice, we do not know the exact values of the elements, we only have
approximations to elements of the set. Based on these approximations, we can
never know whether the resulting set is closed or not – i.e., whether a set of real
numbers is the interval [−1, 1] or the same interval minus 0 point. To ignore such
un-detectable differences, it is reasonable to assume that our set is complete, i.e.,
that it includes the limit of each converging sequence.

Thus, we arrive at the following definition.

What is a computable set: definition. By a computable set, we mean a
complete metric space with an everywhere dense sequence {xi} for which:

• there is an algorithm that, given i and j, computes the distance d(xi, xj)
(with any given accuracy), and

• there exists an algorithm that, given a natural number n, returns a natural
number N(n) for which every point x1, x2, . . . is 2−n-close to one of the
points x1, . . . , xN(n).

By a computable element x of a computable set, we mean an algorithm that,
given a natural number n, returns an integer i(n) for which d(x, xi(n)) ≤ 2−n.

Comment. From the topological viewpoint, a complete metric space which can
be approximated by finite sets is a compact space. Thus, computable sets are
also known as computable compact sets.
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What is a computable function: intuitive idea. A computable function
f should be able, given a computable real number (or, more generally, a com-
putable element of a computable set), to compute the value f(x) with any given
accuracy. Computable elements x are given by their approximations. Thus, to
compute f(x) with a given accuracy 2−n, we need to:

• first algorithmically determine how accurately we need to compute x to
achieve the desired accuracy 2−n in f(x), and then

• use the corresponding approximation to x to actually compute the desired
approximation to f(x).

So, we arrive at the following definition.

What is a computable function: definition. We say that a function f(x)
from a computable set to real numbers is computable if:

• first, we have an algorithm that, given n, returns m for which d(x, x′) ≤ 2−m

implies that |f(x)− f(x′)| ≤ 2−n, and
• second, we have an algorithm that, given i, computes f(xi).

Comment. The existence of m for every n is nothing else but uniform continuity;
so, in effect, we want f(x) to be effectively uniformly continuous.

Now, we are ready to formulate our main results.

3 Main Results

Proposition 1. There exists an algorithm that:

• given an integer m and a computable function f(x) with exactly m local
maxima,

• always computes the locations of all these maxima.

Comment 1. It is worth mentioning that for global maxima, such an algorithm
is not possible even for m = 2: no algorithm can, given a computable function
at which the global maximum is attained at exactly two points, computes these
two locations; see, e.g., [2].

Comment 2. Knowing the exact number of local maxima is important: as the
following result shows, if we have an incomplete information about this number,
we can no longer compute all the local maxima.

Proposition 2. Let m < m′ be two natural numbers. Then, no algorithm is
possible that:

• given a computable function f(x) with either m or m′ local maxima,
• always returns the locations of all its local maxima.
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4 Proof of Proposition 1

Auxiliary results needed to describe our algorithm. Our algorithm is
based on the several known results. The first is that we can algorithmically com-
pute the maximum of a computable function on a computable set; see, e.g., [1,
2, 5].

We will also use an easy-to-prove fact that for every computable element x0,

the function f(x)
def
= d(x, x0) is computable; see, e.g., [1, 5].

Another result that we will use is that for every computable function f(x)
on a computable set, and for every four rational numbers r1 < r1 < r2 < r2, we
can algorithmically find the values b1 ∈ (r1, r1) and b2 ∈ (b2, b2) for which the
set {x : b1 ≤ f(x) ≤ b2} is also a computable set; see, e.g., [1].

We will also use the fact that each positive rational number p/q is simply a
pair of natural numbers. Thus, a tuple consisting of natural and positive rational
numbers can be viewed simply as a tuple consisting of natural numbers.

We can algorithmically sort the tuples consisting of positive natural numbers:
e.g., first we consider all (finitely many) tuples whose sum is 1, then all the tuples
whose sum is 2, etc.

Now, we are ready to describe our algorithm.

Our algorithm: a description. We want to locate all the maxima with a given
accuracy 2−n. To do that, by using one of above-mentioned sorting, we try, one
by one, all possible tuples consisting of two natural numbers i and k and four
positive rational numbers for which r1 < r1 < r2 < r2 ≤ 2−n. For each such

tuple, we compute f
def
= f(xi) and s

def
= max{f(x) : b1 ≤ d(x, xi) ≤ b2} (for

appropriate bi ∈ (ri, ri)) with accuracy 2−k. If for the resulting approximations
!f and !s, we get !f > !s+ 2 · 2−k, then we can conclude that f > s.

We stop when we get m different tuples such that:

• each of these m tuples satisfies the inequality !f > !s + 2 · 2−k (thus f > s),
and

• for every two tuples, the distance d(xi, xj) between the corresponding ele-
ments xi and x′

i is larger than the sum of the corresponding values r2 and r ′
2.

The corresponding m elements xi are then returned as the desired 2−n-
approximations to the locations of the local maxima.

What we need to prove. To prove the proposition, we need to prove:

• that this algorithm always stops, and that
• that this algorithm is correct, i.e., that the results of this algorithm are
indeed 2−n-approximations to the desired locations of local maxima.

Let us first prove that the algorithm always stops. Let M1, . . . ,Mm be
the desired local maxima, and let d0 be the smallest of all the distances between
them.

By definition, a local maximum means that f(Mj) ≥ f(x) for all x from some
neighborhood ofMj . We can always select this neighborhood of size ≤ d0/3. This
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way, we can be sure that there are no other local maxima in this neighborhood
– and thus, no values x ̸= Mj with f(Mj) = f(x), since otherwise these values
x will also be local maxima.

Therefore, f(Mj) > f(x) for all all the values from this neighborhood.
Let δ be a rational number which is smaller than all m radii of these neigh-

borhoods. Then f(Mj) > f(x) for all x for which δ/2 ≤ d(x,Mj) ≤ δ. The
set {x : δ/2 ≤ d(x,Mj) ≤ δ} is a compact, so for a continuous function
f(x), the maximum is attained at some element from this set. Since for all
the points from this set, we have f(x) < f(Mj), we therefore conclude that
f(Mj) > max{f(x) : δ/2 ≤ d(x,Mj) ≤ δ}.

Due to continuity, for elements xi which are sufficiently close to Mj , we also
have f(xi) > max{f(x) : δ/2 ≤ d(x,Mj) ≤ δ}. Here, if d(xi,Mj) ≤ ε, then
δ/2 + ε ≤ d(x, xi) ≤ δ − ε imply δ/2 ≤ d(x,Mj) ≤ δ. Thus:

max{f(x) : δ/2 ≤ d(x,Mj) ≤ δ} ≥ max{f(x) : δ/2 + ε < d(x, xi) ≤ δ − ε}

and
f(xi) > max{f(x) : δ/2 + ε < d(x, xi) ≤ δ − ε}.

So, when we take r1 = δ/2 + ε and r2 = δ − ε, we will get

f(xi) > max{f(x) : b1 < d(x, xi) ≤ b2}.

Whenever the above strict inequality is true, we will detect it if we compute
both sides of this inequality with sufficient accuracy. Thus, eventually, we will
indeed find the tuples for which !f > !s+2 ·2−k and for which each xi is desirably
close to the corresponding local maximum Mj . Hence, our algorithm will indeed
always stop.

Let us now prove that the algorithm is correct. To complete our proof, we
need to show that when the algorithm stops, the resulting elements xi are indeed
close to the corresponding local maxima. Indeed, when the algorithm stops, for
each of the selected m tuples, we get f(xi) > max{f(x) : b1 ≤ d(x, xi) ≤ b2}.

On the compact set {x : d(x, xi) ≤ b2}, the maximum of the continuous func-
tion f(x) is attained at some element from this set. Due to the above inequality,
this maximum cannot be attained at distances between b1 and b2. Thus, this
maximum is attained when d(x, xi) ≤ b1 < b2. So, this maximum is a local max-
imum of the function f(x), and a local maximum which is (due to b2 < r2 ≤ 2−n)
2−n-close to the corresponding element xi.

On each “zone” {x : d(x, xi) ≤ b2} we thus have a local maximum of the
given function f(x). Since d(xi, xj) > r2 + r ′

2 > b2 + b′2, these zones do not
intersect. Thus:

• all m corresponding local maxima are different,
• there are no local maxima outside these zones, and
• within each zone, we have exactly one local maximum which is 2−n-close
to xi.

The correctness is proven, and so is the proposition.
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5 Proof of Proposition 2

Our proof-by-contradiction is based on the fact that no algorithm is possible
that, given a non-negative real number a, checks whether a = 0. This result can
be easily proven based on the halting problem result. Indeed, for each Turing
machine, we can define a computable real number a for which:

• rn = 2−n if this Turing machine did not halt by moment n and
• rn = 2−t if it halted at moment t ≤ n.

As a result:

• If the Turing machine does not halt, then the resulting number is equal to 0.
• Otherwise, if the Turing machine halts at some time t, then we have a =
2−t > 0.

The impossibility to check whether a Turing machine halts implies that we can-
not check whether a = 0.

For each m and m′, let us define the following function f(x) on the interval

[0, 2m+ 2(m′ −m) · a] :

For x ∈ [0, 2m], we have:

• f(x) = 1− |x− 1| for 0 ≤ x ≤ 2,
• f(x) = 1− |x− 3| for 2 ≤ x ≤ 4,
• . . . ,
• f(x) = 1− |x− (2m− 1)| when 2m− 2 ≤ x ≤ 2m.

For x ∈ [2m, 2m+ 2(m′ −m) · a], we have:

• f(x) = a− |x− (2m+ a)| when 2m ≤ x ≤ 2m+ 2a,
• f(x) = a− |x− (2m+ 3a)| when 2m+ 2a ≤ x ≤ 2m+ 4a,
• . . . ,
• f(x) = a− |x− (2m+ (2(m′ −m)− 1) · a)| when

2m+ (2(m′ −m)− 2) · a ≤ x ≤ 2m+ 2(m−m) · a.

Here:

• When a = 0, this function has m local maxima, at points 1, 3, . . . , 2m− 1.
• When a > 0, this function has m+ (m′ −m) = m′ local maxima:

• m local maxima at points 1, 3, . . . , 2m− 1, and
• m′−m local maxima at points 2m+a, 2m+3a, . . . , 2m+(2(m′−m)−1)·a.

If we could always return all the local maxima, then by checking whether there is
a local maximum close to 2m, we would be able to check whether a > 0 or a = 0,
and we have already shown that this is not possible. This proves Proposition 2.
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Abstract. Many natural phenomena can be modeled as ordinary or par-
tial di↵erential equations. A way to find solutions of such equations is
to discretize them and solve the corresponding (possibly) nonlinear large
systems of equations; see [1]. Major issues with solving such nonlinear
systems include the fact that their dimension can be very large and that
uncertainty, often present, is tricky to handle. Model-Order Reduction
(MOR) has been proposed as a way to overcome the issues associated
with large dimensions, the most used approach for doing so being Proper
Orthogonal Decomposition (POD); see [2,3]. The key idea of POD is to
reduce a large number of interdependent variables (snapshots) of the sys-
tem to a much smaller number of uncorrelated variables while retaining
as much as possible of the variation in the original variables. On the other
hand, interval constraint-solving techniques (ICST) [4] allow to handle
uncertainty and ensure reliable results of systems of (possibly) nonlinear
equations.
In this presentation, we show how intervals and constraint solving tech-
niques (ICST) can be used to compute all the snapshots at once (IPOD).
We take advantage of using interval techniques to also show how IPOD
can address not only dimension but also uncertainty. As a result, this
new process gives us two advantages over the traditional POD method:
1. handling uncertainty in some parameters or inputs; 2. reducing the
snapshots computational cost. We go over numerical examples of the use
of IPOD and we then take a glimpse at the implications of this work:
How does using interval constraint solving techniques and handling un-
certainty a↵ect the whole simulation process? How is the reduced-order
model then solved?

Keywords: dynamic systems, interval computations, constraint solving, proper-
orthogonal decomposition (POD), reduced-order modeling (ROM).
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Abstract. The problem of smoothing dry weather inflow variations for
a Waste Water Treatment Plant (WWTP) that receives sewage from
multiple mixed sewer systems is presented, together with a first rough
solution algorithm. A simplification followed by a naive translation into
a zero-one linear programming problem results in 1152 inequalities for
480 binary variables.
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1 Introduction

In 2015 representatives of two water boards and one municipality decided to
look into a long standing problem. The Garmerwolde Waste Water Treatment
Plant (WWTP) receives water from several pressurized pipelines. These in turn
receive sewage from local sewer systems through pumping stations. The WWTP
plant was designed to process sewage as it arrives in the plant, there are no
bu↵ers. The supply varies roughly sinusoidally over a 24 hour period and the
pumps are under local control (no coordination). This leads to extremely uneven
supply to the WWTP, which in turn leads to high costs for chemical additives
and air injection. Moreover, at times three large pumping stations may be us-
ing the same pressurized line, which wastes energy as well. Ideally, the flow to
the WWTP should be approximately constant, the number of pump starts and
stops should be limited, and the sewage in local sewer systems should not be
stationary for long periods to avoid silting up of the pipes. The pumping stations
themselves cannot deliver all flows between 0 and their maximum capacity, there
may be “holes” in the flow range. In fact some of them may be limited to on/o↵
operation, so this has some of the properties of a mixed integer problem. More
information on the design and operation of Dutch combined sewer systems can
be found in [2].

2 Abstract problem formulation

We have m reservoirs and an n time step inflow forecast for each reservoir. Time
step length is �t, tk is the start of time step k. For each reservoir there is a time
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dependent regulated outflow. We introduce the following functions (lower case:
scalars or vectors, upper case: closed finite intervals):

vi (t) volume stored in reservoir i at time t, non-negative real number;
⌧i (t) time since last state change of pumping station i;
⌧
e,i (t) time since reservoir i was last considered empty;
Vi (k) limits on storage use for reservoir i at tk, a non-negative, non-empty real

closed finite interval;
v
e,i level for which reservoir i is considered empty;
q
in,i (t) actual inflow into reservoir i at time t, non-negative real number;
q
fc,i (k) average inflow into reservoir i forecast for time step k, non-negative real

number;
ci number of di↵erent flow ranges available for pumping station i, ci 2 N, ci > 0;
Ci (k) set of flow ranges accessible to pumping station i in time step k, integer,

{0} ✓ Ci (k) ✓ {0, 1, . . . , ci};
j
out,i (t) actual flow range in use for pumping station i at time t, this is a piece-

wise constant function;
ji (k) selected flow range for pumping station i for time step k, non-negative

real number;
Qi,j (k) with j = 0, 1, 2, . . . , ci (k) � 1, non-negative, non-empty disjoint real

closed finite intervals, for all i and k we have Qi,0 (k) = [0, 0] which is used
when the pump is o↵;

q
out,i (t) actual discharge from pumping station i at time t;
qi (k) discharge setting for pumping station i for time step k, non-negative real

number;
⌧
min,i minimum time between pump range switching moments for pump at reser-

voir i;
⌧
e,max,i maximum time between times that vi (t)  v

e,i (k) for reservoir i;
Q

tgt

(k) range of allowed total flows to the WWTP in time step k.

3 Problem to be solved

The simplest version of the problem is the following. Given the initial state
vi
�
t�
0

�
, ⌧

e,i

�
t�
0

�
, ⌧i

�
t�
0

�
, j

out,i

�
t�
0

�
for i = 1, 2, . . . ,m; fixed parameters ⌧

min,i,
v
e,i for i = 1, 2, . . . ,m and the constraints up to the time horizon, q

in,i (k), Ci (k),
Qi,j (k), Qtgt

(k) for i = 1, 2, . . . ,m and k = 0, 1, . . . , n�1. The constraint Vi (k)
is available for i = 1, 2, . . . ,m and k = 0, 1, . . . , n. Assume that vi

�
t�
0

�
2 Vi (0).

Determine ji (k) and qi (k) for i = 1, 2, . . . ,m and k = 0, 1, . . . , n� 1 such that

ji (k) 2 Ci (k) , qi (k) 2 Qi,ji (k)

mX

i=1

qi (k) 2 Q
tgt

(k)

vi (tk+1

) 2 Vi (k + 1)
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and as “soft” constraints
⌧
e,i (tk+1

)  ⌧
e,max,i

⌧i (tk) < ⌧i (tk+1

) or ⌧i (tk) � ⌧
min,i

where for tk < t  tk+1

vi (t) = vi (tk) + (t� tk) (qin,i (k)� qi (k))

⌧i (t) =

(
(t� tk) : ji (k) 6= ji

�
t�k

�

⌧i (tk) + (t� tk) : ji (k) = ji
�
t�k

�

⌧
e,i (t) =

8
><

>:

0 : vi (t)  v
e,i

t� t
last empty

: vi (t)  v
e,i and vi (t) > v

e,i

⌧i (tk) + (t� tk) : vi (tk) > v
e,i and vi (t) > v

e,i

So we have 2 ⇥ (5 + 1) inequalities per time step (2 for total discharge and
2 per pumping station for storage) and 5 variables (the discharges) per time
step. These variables might be either integer or continuous or continuous with
gaps in the allowed value range. In addition we have the soft constraints on run
times and on emptying the system. For a simplified problem without run time
or emptying constraints with on/o↵ pumps, a 15 minute time step and 24 hour
look-ahead we get 1152 inequalities for 480 binary variables.

4 Typical input data

In the Garmerwolde case there are five pumping stations. The inflow exhibits a
roughly periodic sinusoidal pattern with a length of 24 hours with a minimum
around 6 AM. Time step length is 15 minutes. Minima and maxima for the
inflow patterns are given in Table 1. Note that the dry weather hourly inflows

Pumping station min max
m3/h m3/h

Groningen (GR) 454 1179
Selwerd (SE) 126 423

G. Huizinga (GH) 144 600
Haren W. (HW) 80 155
Lewenborg (LE) 2 335

Table 1. Minima and maxima of hourly inflow

for all but Groningen are always below the minimum pumping capacity. Tow
examples for the V and Q intervals are given in Table 2. A typical target flow
range would be Q

tgt

= [1700, 2200]. Even with O (10) possible combinations of
pumps per time step, the number of possible selections in the unconstrained
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Pumping station Volumes (m3) Pumps (m3/h)
ve,i Example 1 Example 2 Example 1 Example 2

Groningen (GR) 1000 [95,3957] [95,6800] [1800,2200] [1000,4250]
Selwerd (SE) 121 [38,296] [38,3200]] [1620,1980] [1060,2000]

G. Huizinga (GH) 176 [150,300] [150,4900] [330,400] [1600,3280]
Haren W. (HW) 27 [22,50] [22,1378] [1020,1320] [300,1200]
Lewenborg (LE) 30 [9,239] [9,4100] [1440,1760] [550,1900]

Table 2. Data used in program

problem with 15 minute time step and 24 hour look ahead is O
�
1096

�
. For the

problem with variable flows there is the added complexity of selecting the flow
for each pump. If the pumps were simple on/o↵ pumps then fitting them into
the range of target flows would be remarkably like the two dimensional cutting
stock problem [1]. The problem also has points in common with the problem
addressed in [4], but that approach does not allow for variable part supply rates.
A result on the existence of solutions for a very special case is discussed in [3].

5 A simple greedy algorithm

We do a depth first search for a path of length n in a tree where the nodes
correspond to system states at times tk and the edges correspond to choices
of flow ranges. At each node we generate all possible combinations of pump
flow states, filter out those that are certain to lead to volume or target flow
constraint violations, order the remainder so that we will first try those, that
respect both “minimum run time” and “time since empty” constraints, then
those that respect only “minimum run time”, followed by those that respect
only “time since empty” and finally those that do not respect either of these
constraints. Within each group the flow state combinations where the pumps for
districts furthest from empty are active are taken first. The first path to reach
the horizon is used. For the selection of flow ranges in the first step along the
path specific discharges are calculated. The main purpose of the search is to cope
with the periodic variation in the inflow. Once a path is found the selection of
flow ranges for the first step needs to be translated into actual pump flows.

5.1 Implementation with interval arithmetic

For narrow pump ranges Q and a narrow target range it makes sense to work in
interval arithmetic for the system state. For wide ranges further investigations
are needed. For narrow ranges we proceed as follows.

V
fc,i (t0) = vi

�
t�
0

�
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A time step is processed as follows. For each j 2 C
1

(k)⇥ C
2

(k)⇥ · · ·⇥ Cm (k)
we apply the following accept/reject process. We calculate

Q00
ji (k) =

✓
Vi (k + 1)� V

fc,i (tk)

�k

◆
\Qji (k)

Q0
ji (k) = Q00

ji (k) \

0

@Q
tgt

(k)�
mX

u=1,u 6=i

Qju (k)

1

A

and then test

1.
�Pm

i=1

Q0
ji (k)

�
\Q

tgt

(k) 6= ;
2.

�
V
fc,i (tk) +�kQ

0
ji (k)

�
\ Vi (k + 1) 6= ;

If both tests then we define

V
fc,i (t) =

�
V
fc,i (tk) + (t� tk)Q

0
ji (k)

�

V
fc,i (tk+1

) =
�
V
fc,i (tk) + (t� tk)Q

0
ji (k)

�
\ Vi (k + 1)

Next we calculate ⌧i (t) as before, but we set

⌧
e,i (t) =

8
><

>:

0 : v
e,i 2 V

fc,i (t)

t� t
last empty

: v
e,i 2 V

fc,i (tk) and V
fc,i (t) > v

e,i

⌧i (tk) + (t� tk) : V
fc,i (tk) > v

e,i and V
fc,i (t) > v

e,i

6 Plans

First trials with the algorithm showed a potential problem with sedimentation
due to long stays of sewage in the urban sewer system. Probably a slowly varying
target flow (changes of up to 100m3/h per hour will not adversely a↵ect the
WWTP) would be a better option. Interval arithmetic is probably desirable as
we are constantly checking constraints on calculated values, but it might be a
good idea to preselect much narrower intervals for the calculation of V

fc,i (tk+1

)
from V

fc,i (tk).
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Abstract. When dealing with Weighted Abstract Argumentation, hav-

ing weights on attacks clearly brings more information. The advantage,

for instance, is the possibility to define a di↵erent notion of defense,

checking also if the weight associated with defense is stronger than the

weight of attack. In this work, we study two di↵erent relaxations, one

related to a new weighted defense we propose, by checking the di↵erence

between the composition of inward and outward attack- weights. The

second one is related to how much inconsistency we are willing to tol-

erate inside an extension; such amount is computed by aggregating the

costs of the attacks between any two arguments both inside an exten-

sion. These two relaxations are strictly linked: allowing a small conflict

may lead to have more arguments into an extension, and consequently

result in a stronger or weaker defense. We deal with weights with a semir-

ing structure, which can be instantiated to di↵erent metrics used in the

literature (e.g., fuzzy).
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Abstract. Neural networks are a very successful machine learning tech-
nique. At present, deep (multi-layer) neural networks are the most suc-
cessful among the known machine learning techniques. However, they
still have some limitations, One of their main limitations is that their
learning process still too slow. The major reason why learning in neural
networks is slow is that neural networks are currently unable to take prior
knowledge into account. As a result, they simple ignore this knowledge
and simulate learning “from scratch”. In this paper, we show how neu-
ral networks can take prior knowledge into account and thus, hopefully,
learn faster.

1 Formulation of the Problem

Need for maching learning. In many practical situations, we know that the
quantities y1, . . . , yL depend on the quantities x1, . . . , xn, but we do not know
the exact formula for this dependence. To get this formula, we measure the
values of all these quantities in different situations m = 1, . . . ,M , and then use

the corresponding measurement results x(m)
i and y(m)

ℓ to find the corresponding
dependence. Algorithms that “learn” the dependence from the measurement
results are known as machine learning algorithms.

Neural networks (NN): main idea and successes. One of the most widely
used machine learning techniques is the technique of neural networks (NN) –
which is based on a (simplified) simulation of how actual neurons works in the
human brain (a brief technical description of this technique is given in Section
2). This technique has many useful applications; see, e.g., [1, 2].

At present (2016) multi-layer (“deep”) neural networks are, empirically, the
most efficient of the known machine learning techniques.

Neural networks: limitations. One of the main limitations of neural networks
is that their learning very slow: they need many thousand iterations just to learn
a simple dependence.
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This slowness is easy to explain: the current neural networks always start
“from scratch”, from zero knowledge. In terms of simulating human brain, they
do not simulate how we learn the corresponding dependence – they simulate how
a newborn child will eventually learn to recognize this dependence. Of course,
this inability to take any prior knowledge into account drastically slows down
the learning process.

What is prior knowledge. Prior knowledge means that we know some
relations (“constraints”) between the desired values y1, . . . , yL and the
observed values x1, . . . , xn, i.e., we know several relations of the type
fc(x1, . . . , xn, y1, . . . , yL) = 0, 1 ≤ c ≤ C.

Prior knowledge helps humans learn faster. Prior knowledge helps us learn.
Yes, it takes some time to learn this prior knowledge, but this has been done
before we have samples of xi and yℓ. As a result, the time from gathering the
samples to generating the desired dependence decreases.

This is not simply a matter of accounting: the same prior knowledge can be
used (and usually is used) in learning several different dependencies. For exam-
ple, our knowledge of sines, logarithms, of calculus helps in finding the proper
dependence in many different situations. So, when we learn the prior knowledge
first, we decrease the overall time needed to learn all these dependencies.

How to speed up artificial neural networks: a natural idea. In view of
the above explanation, a natural idea is to enable neural networks to take prior
knowledge into account. In other words, instead of learning all the data “from
scratch”, we should first learn the constraints. Then, when it is time to use the
data, we should be able to use these constraints to “guide” the neural network
in the right direction.

What we do in this paper. In this paper, we show how to implement this
idea and thus, how to (hopefully) achieve the corresponding speed-up.

To describe this idea, we first, in Section 2, recall how the usual NN works.
Then, in Section 3, we show how we can perform a preliminary training of a
NN, so that it can learn to satisfy the given constraints. Finally, in Section 4, we
show how to train the resulting pre-trained NN in such a way that the constraints
remain satisfied.

2 Neural Networks: A Brief Reminder

Signals in a biological neural network. In a biological neural network, a
signal is represented by a sequence of spikes. All these spikes are largely the
same, what is different is how frequently the spikes come.

Several sensor cells generate such sequences: e.g., there are cells that translate
the optical signal into spikes, there are cells that translate the acoustic signal
into spikes. For all such cells, the more intense the original physical signal, the
more spikes per unit time it generates. Thus, the frequency of the spikes can
serve as a measure of the strength of the original signal.
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From this viewpoint, at each point in a biological neural network, at each
moment of time, the signal can be described by a single number: namely, by the
frequency of the corresponding spikes.

What is a biological neuron: a brief description. A biological neuron has
several inputs and one output. Usually, spikes from different inputs simply get
together – probably after some filtering. Filtering means that we suppress a
certain proportion of spikes. If we start with an input signal xi, then, after such
a filtering, we get a decreased signal wi · xi. Once all the inputs signals are

combined, we have the resulting signal
n!

i=1
wi · xi.

A biological neuron usually has some excitation level w0, so that if the overall
input signal is below w0, there is practically no output. The intensity of the

output signal thus depends on the difference d
def
=

n!
i=1

wi · xi −w0. Some neurons

are linear, their output is proportional to this difference. Other neurons are
non-linear, they output is equal to s0(d) for some non-linear function s0(z).
Empirically, it was found that the corresponding non-linear transformation takes
the form s0(z) = 1/(1 + exp(−z)).

Comment. It should be mentioned that this is a simplified description of a biolog-
ical neuron: the actual neuron is a complex dynamical system, in the sense that
its output at a given moment of time depends not only on the current inputs,
but also on the previous input values.

Artificial neural networks and how they learn. If we need to predict the
values of several outputs y1, . . . , yℓ, . . . , yL, then for each output yℓ, we train a
separate neural network.

In an artificial neural networks, input signals x1, . . . , xn first go to the neurons
of the first layer, then the results go to neurons of the second layer, etc.

In the simplest (and most widely used) arrangement, the second layer has
linear neurons. In this arrangement, the neurons from the first layer produce the

signals yℓ,k = s0

"
n!

i=1
wℓ,ki · xi − wℓ,k0

#
, 1 ≤ k ≤ Kℓ, which are then combined

into an output yℓ =
K!

k=1
Wℓ,k · yk −Wℓ,0. This is called forward propagation. (In

this paper, we will only describe formulas for this arrangement, since formulas
for the multi-layer neural networks can be obtained by using the same idea.)

How a NN learns: derivation of the formulas. Once we have an observation
(x(m)

1 , . . . , x(m)
n , y(m)

ℓ ), we first input the values x(m)
1 , . . . , x(m)

n into the current
NN; the network generates some output yℓ,NN . In general, this output is different

from the observed output y(m)
ℓ . We therefore want to modify the weights Wℓ,k

and wℓ,ki so as to minimize the squared difference J
def
= (∆yℓ)2, where ∆yℓ

def
=

yℓ,NN − y(m)
ℓ . This minimization is done by using gradient descent, where each

of the unknown values is updated as Wℓ,k → Wℓ,k − λ · ∂J

∂Wℓ,k
and wℓ,ki →
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wℓ,ki − λ · ∂J

∂wℓ,ki
. The resulting algorithm for updating the weights is known as

backpropagation. This algorithm is based on the following idea.

First, one can easily check that
∂J

∂Wℓ,0
= −2∆y, so ∆Wℓ,0 = −λ · ∂J

∂Wℓ,0
=

α ·∆yℓ, where α
def
= 2λ. Similarly,

∂J

∂Wℓ,k
= 2∆yℓ ·yℓ,k, so ∆Wℓ,k = −λ · ∂J

∂Wℓ,k
=

2λ ·∆yℓ · yℓ,k, i.e., ∆Wℓ,k = −∆Wℓ,0 · yℓ,k.
The only dependence of yℓ on wℓ,ki is via the dependence of yℓ,k on wℓ,ki. So,

for wℓ,k0, we can use the chain rule and get
∂J

∂wℓ,k0
=

∂J

∂yℓ,k
· ∂yℓ,k
∂wℓ,k0

, hence:

∂J

∂wℓ,k0
= 2∆yℓ ·Wℓ,k · s′0

$
n%

i=1

wℓ,ki · xi − wℓ,k0

&
· (−1).

For s0(z) = 1/(1 + exp(−z)), we have s′0(z) = exp(−z)/(1 + exp(−z))2, i.e.,

s′0(z) =
exp(−z)

1 + exp(−z)
· 1

1 + exp(−z)
= s0(z) · (1− s0(z)).

Thus, in the above formula, where s0(z) = yℓ,k, we get s′0(z) = yℓ,k · (1 − yℓ,k),
∂J

∂wℓ,k0
= −2∆yℓ ·Wℓ,k · yℓ,k · (1− yℓ,k), and

∆wℓ,k0 = −λ · ∂J

∂wℓ,k0
= λ · 2∆yℓ ·Wℓ,k · yℓ,k · (1− yℓ,k).

So, we have ∆wℓ,k0 = −∆Wℓ,k ·Wℓ,k · (1− yℓ,k). For wℓ,ki, we have

∂J

∂wℓ,ki
= 2∆yℓ ·Wℓ,k · yℓ,k · (1− yℓ,k) · xi = − ∂J

∂wℓ,k0
· xi,

hence ∆wℓ,ki = −xi ·∆wℓ,k0. Thus, we arrive at the following algorithm:

Resulting algorithm. We pick some value α, and cycle through observations
(x1, . . . , xn) with the desired outputs yℓ. For each observation, we first apply
the forward propagation to compute the network’s prediction yℓ,NN , then we
compute ∆yℓ = yℓ,NN − yℓ, ∆Wℓ,0 = α ·∆yℓ, ∆Wℓ,k = −∆Wℓ,0 · yℓ,k, ∆wℓ,k0 =
−∆Wℓ,k ·Wℓ,k · (1 − yℓ,k), and ∆wℓ,ki = −∆wℓ,k0 · xi, and update each weight
w to wnew = w +∆w. We repeat this procedure until the process converges.

3 How to Pre-Train a NN to Satisfies Given Constraints

To train the network, we can use any observations

(x(m)
1 , . . . , x(m)

n , y(m)
1 , . . . , y(m)

L ) that satisfy all the known constraints.
To satisfy the constraints fc(x1, . . . , xn, y1, . . . , yL) = 0, 1 ≤ c ≤ C,

means to minimize the distance from the vector of values (f1, . . . , fC) to
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the ideal point (0, . . . , 0), i.e., equivalently, to minimize the sum F
def
=

C!
c=1

(fc(x1, . . . , xn, y1, . . . , yL))2. To minimize this sum, we can use a similar gra-

dient descent idea. From the mathematical viewpoint, the only difference from
the usual backpropagation is the first step: here,

∂F

∂Wℓ,0
= 2 ·

C%

c=1

fc ·
∂fc
∂yℓ

, hence ∆Wℓ,0 = −α ·
C%

c=1

fc ·
∂fc
∂yℓ

.

Once we have computed ∆Wℓ,0, all the other changes ∆Wℓ,k and ∆wℓ,ki are
computed based on the same formulas as above.

The consequence of this algorithm modification is that instead of L inde-
pendent neural networks used to train each of the L outputs yℓ, now we have
L dependent ones. The dependence comes from the fact that, to start a new
cycle for each ℓ, we need to know the values y1, . . . , yL corresponding to all the
outputs.

4 How to Retain Constraints When Training Neural
Networks on Real Data

Once the networks is pre-trained so that the constraints are all satisfied, we
need to train it on the real data. In this real-data training, we need to make
sure that not only all the given data points fit, but that also all C constraints
remain satisfied. In other words, on each step, we need to make sure not only
that ∆yℓ is close to 0, but also that fc(x1, . . . , xn, y1, . . . , yL) is close to 0 for
all ℓ. So, similar to the previous section, instead of minimizing J = (∆yℓ)2, we

should minimize a combined objective function G
def
= J +N · F , where N is an

appropriate constant, and F =
C!

c=1
f2
c .

Similarly to pre-training, the only difference from the usual backpropagation
algorithm is that we compute the values ∆Wℓ,0 differently:

∆Wℓ,0 = α ·
$
∆yℓ −N ·

C%

c=1

fc ·
∂fc
∂yℓ

&
.
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Abstract. This article presents a new design method for PI controller
based on constraint programming. The design is developed to reject the
load disturbance with constraint on sensitivity. It also includes the fre-
quency envelope condition as an additional constraint which avoids sam-
pling in the frequency interval. Interval constraint solver, RealPaver, is
used to solve the formulated constraint satisfaction problem.

Keywords: PI Controller, Constraint Satisfaction Problem

1 Introduction

It is well-known that PI/D type controllers are dominating the control and pro-
cess industry. The main reasons are its simplicity, performance robustness and
many e↵ective tuning methods based on minimum system model knowledge.
Ziegler and Nichols [1] is one of the simplest and useful tuning method, but it is
not applicable to a wide range of systems.

In the last decade, many researchers have developed di↵erent tuning meth-
ods based on frequency domain method, interval model control method and
optimization method [2, ref therein]. In spite of the wide spread use of PI/D
controllers there is a lack of a universally accepted tuning method. The present
work can be viewed as a simple tuning method based on constraint satisfaction
problem.

2 The proposed method

The block diagram of close loop control system is illustrated in Figure 1. P (s)
is process transfer function and G

c

(s) is PI controller transfer function. The
process output, set point and control signals are described as y

sp

, y and u re-
spectively. The main design objective is to determine the controller parameters
(k

p

,k
i

) so that the system behaves well with respect to the external disturbance.
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c
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d
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+

d
out y
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Fig. 1. Block diagram of the system with input and output disturbance

The relationship between d

in

, d
out

and process output y can be described as
follows

Y (s) =
P (s)

1 +G

c

(s)P (s)
D

in

(s) +
1

1 +G

c

(s)P (s)
D

out

(s)

We then define

S(s) =
1

1 +G

c

(s)G(s)

S(s) is called the sensitivity function and it determines the robustness to un-
modeled system dynamics and rejection to external disturbance. The peak value
of the sensitivity function are denoted by

M

s

= max
0<!<1

|S(j!)|

It has been observed that in the real world disturbance signals are generally
in the low frequency range. Therefore, by choosing the appropriate value of M

s

(1.2-2) over a design frequency range we can get constraint on the sensitivity
of the system. According to Astrom et al. [3] maximizing integral gain k

i

is
equivalent to minimizing the integral error (IE) for a step change in the load
disturbance.

Furthermore, sensitivity constraint can be represented as follows

 (k
p

, k

i

,!) :=
��1 + (k

p

� j

k

i

!

)G(j!)
���1

 (k
p

, k

i

,!)  M

s

8! 2 !̃

where !̃ = [!
l

,!

h

] is design frequency interval. We can express G(j!) = ↵(!) +
j�(!). By simple algebraic manipulation, this constraint can be simplified as
follows

 (k
p

, k

i

,!) = 1 + 2↵k
p

+ r

2
k

2
p

+ 2
�

!

k

i

+
r

2

!

2
k

2
i

(1)

where r(!)2 = ↵

2(!)+�2(!) and we have dropped ! argument in (1) for notation
simplicity. At fix frequency, this constraint represent the ellipse in k

p

� k

i

plane.
For example, see Figure 2. Therefore, we get an envelope for all frequency 0 
!  1 .

@ 

@!

(k
p

, k

i

,!) = 0



kp

ki

!1

!2

!3

Fig. 2. Geometrical illustration of the sensitivity constraint and the envelope generated
by it.(dark solid line)

To find the maximum of this function,

d =
@ 

@k

p

dk

p

+
@ 

@k

i

dk

i

+
@ 

@!

d! = 0

Hence, at the extremum dk

i

= 0, for arbitrary variation dk we must have @ 

@kp
=

0. Combining this with envelope condition we get

@ 

@k

p

(k
p

, k

i

,!) = 2a+ 2r2k
p

= 0

@ 

@!

(k
p

, k

i

,!) = 2
⇣
b

!

⌘0
k

i

+
⇣
r

2

!

2

⌘0
k

2
i

+ sa

0
k

p

+ 2rr0k2
p

= 0 (2)

 (k
p

, k

i

,!) = M

s

where prime represents di↵erentiation with respect to !. For imposing the sta-
bility, we have to add two more constraints

k

p

� � k

i

↵

!

= 0, k

p

↵+ k

i

�

!

= �1 (3)

Thus, the design problem is reduced to solving nonlinear algebraic equations (2)
and (3). For solving, we can consider this problem as a constraint satisfaction
problem (CSP). Given a vector (x1, x2 . . . xn

) 2 Rn of unknown a constraint
system (C, X) is defined by a set C = c1 . . . cp of constraints and a bounded
domain X = x1 ⇥ . . .⇥ x

n

.

(
c

i

: f
i

(x1 . . . xn

) = 0, i = 1, . . . ,m,

x

k

= {r 2 R|a
k

 r  b

k

} k = 1, . . . , n.



In this work, we have used software package RealPaver [4] which implements a
modeling language and interval-based algorithms to process systems of nonlinear
constraints over the real numbers. Given a CSP, RealPaver computes a union
of boxes that contains all the solutions. Among all the solution boxes we choose
the solution box with maximum value of k

i

as discussed earlier. Di↵erent con-
sistency techniques like box, hull and 3B has been implemented in RealPaver.
A consistency property determines which values from domains are consistent or
not with respect to the constraint of CSP.

3 The Design Procedure

According to previous section PI controller can be designed using following steps.

Step:1 Derive the nonlinear algebraic constraints (2) and (3) for sensitivity spec-
ification M

s

with unknowns k
p

, k

i

and !.

Step:2 Model the overall problem as an constraint satisfaction problem and
solve with appropriate consistency technique in RealPaver.

Step:3 If the solution does not exist then repeat step:1 with di↵erent specifi-
cation. If we get the solution boxes then choose the solution with maximum k

i

value.

4 Conclusion

This article describes a design method for PI controller. The primary goal is to
obtain load disturbance rejection. This is done by constraining maximum sensi-
tivity M

s

. The design problem can be transformed as a constrained satisfaction
problem with nonlinear algebraic equations. We have developed a procedure to
design and solve the CSP numerically with RealPaver. The method will give a
solution with less time and good precision. It is also helpful to indicate when
there is no PI controller exist for given specifications.
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